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Let Σ be a complete first order theory in a countable language. Vaught conjectured that if Σ has more than countably many pairwise non-isomorphic countable models, then it has continuum many such models.  

Since it was first published in [5], Vaught's conjecture has become an important open problem and has been researched intensively. For completeness, we mention the results of Morley [2], Bouscaren-Lascar [1], and Shelah [4].

Suppose Σ is a complete theory in a countable language and S is a subgroup of Sym(ω). A variant of Vaught’s conjecture proposes that if  Σ has more than countably many pairwise non S-isomorphic countable models, then it has continuum many such models. In [3], this statement is proven  for σ-compact groups S.

Continuing and generalizing these investigations, I consider two possible variants of Vaught's original conjecture and of the above problem. First, I replace the role of isomorphism with that of elementary embeddability. Second, instead of first order logic, I consider the problem for first order logic without equality. Thus, I have the following possible variant: if Σ is a theory in a first order language with or without equality, S is a submonoid of injective functions on ω, and Σ has more than countably many pairwise non S-elementarily embeddable countable models, then is it true that Σ has continuum many such models?

With generalizations of the techniques used in [3], I prove that the above variant is true for σ-compact monoids S. The proofs are based on the representation theories of certain cylindric and quasi-polyadic algebras and investigations of the Stone spaces of these algebras. In more detail, representation theory provides us with a one-one correspondance between the models of Σ and certain ultrafilters of 

the Lindenbaum algebra of Σ . Using these ultrafilters, I give a new characterization of elementary embeddability for models of Σ. This, and some topological properties of the Stone spaces of the Lindenbaum algebra of Σ lead to the following theorem, which is the main result of this work.

Theorem. Suppose Σ is a theory in a countable language either with or without equality, and let S be a σ-compact monoid of injective functions on ω . If  Σ has more than countably many pairwise non S-elementarily embeddable countable models, then it has continuum many such models.
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